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I. (A) (1) True or False ? If G is an open subset of [a, b] and | G | = 0, then G = ¢.
(Give details). 7
(i) Show that E — [a, b] is measurable if and only if given ¢ < 0 there exist a
closed set F — E and an open set G © E such that |G |- | F | <e. 7
OR
(1)  True or False ? If F is a closed subset of [a, b] and | F | = 0, then F = ¢.
(Give details).
(i1)) IfE c[a, b] show that there exists a subset H of E such that H is of type Fo
and m H=m E. (i.e. H and E have the same inner measure).
(B) Do any four : 4
(1) Let S be the subset of [0, 6] given by S = (2, 3) U (3, 5]. Find the outer
measure of S. (Do not prove)
(1)) Let S be the subset of [0, 10] given by S = (3, 8]. Find the inner measure of
S. (Do not prove)
o0
iii) Find the length of th t 1 1
(i11) Find the length of the open se U 2n+1,2—n .
n=1
(iv) True or False ? Every open subset of [a, b] is measurable. (Do not prove)
(v) True or False ? Every closed subset of [a, b] is measurable. (Do not prove)
(vi) Give an example of a set E < [0, 1], such that mE = 0. (Do not prove)
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2. (A) (1) Suppose E| and E, are subsets of [a, b]. Further suppose that the symmetric
difference of E; and E, has measure zero. Show that if E; is measurable,

then E, is measurable.

Also show that mE, =mE,.

(i) Let fo)=— (0<x<1),
X

f(0)=5, f(1)=7
Prove that f is measurable on [0, 1]
OR
(i) If E, and E, are measurable subsets of [0, 1] and if mE, = 1, prove that
m(E, N E,) =mE,.

(1)  Suppose that the function f on [a, b] is measurable. Show that for every
S € R, the set {x | f(x) > s} is a measurable set.

(B) Do any four :

(1)  True or False ? The union of uncountably many measurable subsets of [a, b]
must be measurable. (Do not prove)

(i) Give an example of an uncountable subset E of [0, 1] such that E is
measurable. (Do not prove)

1 1 2
(ii1)) Consider the subsets E, = —,3 and E, = | —,—| of [0, 1]. Find the
bo274 > 473

measure of the symmetric difference of E; and E,.
(iv) LetS= {x e[0,1]] x*> %} Find the measure of S.
(v)  Suppose f is a measureable function on [0, 1], and let g be defined by
1 1
gx)="f(x),x ¢ {0,5, 1} .g(0)=¢ (5) =g(1)=15. Is g measurable ?

(vi) Letf, g be functions defined on [0, 2] as follows :
f(x) = x, g(x) = x2.

Draw the graph of the function max (f, g).
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3. (A) (i) Show that if f is a bounded measureable function on [a, b], then f is
Lebesgue integrable. 7

(i) Let E; and E, be measurable subsets of [0, 1]. Suppose E; U E, = [0, 1],

1
show that at least one of the sets E,, E, has measure > E . 7

OR
(1)  Let f be defined on [0, 1] by f(x) = x. Let E, be the inverse image under f of

1 1
[0,5}. Let E, be the inverse image under f of [5,%} Let E; be the

3
inverse image under f of [Z’l} Show that P = {E,, E,, E;} is a

measureable partition of [0, 1]. Calculate U [f; p] and L [f; p].

(i) Suppose E; and E, are measureable subsets of [a, b] and f is a bounded

measurable (so Lebesgue integrable) function defined on [a, b]. Prove that

[e+[f= [t + [f

El E2 El o E2 El M E2
(B) Do any three : 3

(1)  Suppose E — [0, 1] is measurable and mE = % Find I 1. (Do not prove)
E

13
(i)  Suppose f'is defined on [0, 1] by f(x) = x. Suppose E = (E,Zj Find I f.
E

(iii) Suppose E, and E, are disjoint measurable subsets of [a, b] and f is a

bounded function in £ [a, b]. Suppose .[ f =2 and .[ f =3. Find J-f .
El E2 El |\ E2

(Do not prove)

(iv) Let f(x) = 0 if x is rational, x € [0, 1] and f(x) = 1 if x is irrational, x € [0, 1].
1
Find I f. (Do not prove).
0

T
(v) Evaluate jf , where f(x) = sin x, x € [0, 7].
0
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4. (A) @) Letf(x)zip,(o<xs1)
X

Prove that f € £[0, 1], ifp<1.

1
Find the value of [f,ifp<1.
0

X
(i) Iffe £[a,b]andif F(x) = j f(t) dt, (a < x < b). Prove that F is continuous

a

on [a, b].
OR
(1)  State Fatou’s lemma. (Do not prove)
(i) Let f e £]a, b]. Let € > 0 be given. Show that there exists a & > 0 such that

|

E

< ¢ whenever E is a measurable subset of [a, b] with mE < 8.

(B) Do any three :
(1) Iff(x)= 1 (0 <x < 1), find 2f.
X

(ii) If f(x) = sin x (0 < x < 2x), draw the graph of ™.

(iii) True or False ? If f(x) = g(x) almost everywhere (x € E) then f(x) = >g(x)
almost everywhere (x € E). (Do not prove)

(iv) True or False ? If fand g are in £]a, b], then fg € £[a, b]. (Do not prove).

(v) State (without proof) the Lebesgue Dominated Convergence Theorem.
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